The theory of compressible flow in a laminar boundary layer has been developed for the case when the viscosity is assumed to be proportional to the absolute temperature and the Prandtl number is unity. (These assumptions may be compared with the empirical relations / 1 oc T® and cr = 0*715 suggested by Cope.) It is shown that a transformation of the ordinate normal to the layer can lead to a simplified form of equation of motion very similar to the ordinary incompressible equation but modified by a multiplicative factor O in the pressure term. This factor is greater than unity at the boundary and tends to one at the outside of the layer.
I n t r o d u c t io n
The recent work of Cope & H artree (194&) has made it abundantly clear th a t a complete study of compressible flow in boundary layers when allowance is made for the empirical tem perature variation of viscosity and conductivity is a m atter for modem electronic calculating machines. These authors have, in fact, initiated a study of the flow along a flat plate in the presence of a linear retarding pressure gradient by this means.
The empirical relations chosen by Cope (unpublished) for air in the tem perature range 90° K to 300° K (the range im portant in wind tunnel experiments) are /10c T$ and cr = 0'715,
where fi is the viscosity, T is the absolute temperature and cr is the Prandtl number defined as / zcp/ k where k is the thermal conductivity and cp is the specific heat a t constant pressure.
The difficulty in any numerical approach to a problem of this complexity lies in the number of particular solutions required to give a full understanding of the effects of compressibility on boundary layers. I t was therefore thought to be worthwhile to develop the theory when the empirical relations are replaced by yccT ,
and <r = 1,
for it appears th a t in this case considerable simplifications in the theory can be achieved. I t is thought th at these assumptions are sufficiently close to Cope's empirical relations to make the results a t least of qualitative interest. The assumption cr -1 has been made by many previous writers and le in the case of variable viscosity, to stagnation temperature at a heat insulating boundary (Crocco 1946) . The assumption /£ oc T has effectively been made by Crocco for the flow along a flat plate in the absence of a pressure gradient when he assumed py constant. The effects of these two assumptions taken together appears, in view of the stagnation temperature a t the boundary, to lead to an overestimate of viscous effects in the boundary layer.
Accepting these two basic assumptions the theory will be developed exactly and with particular reference to the effects of pressure gradients on boundary layers along heat insulating boundaries.
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2.
T h e e q u a t io n s o f m o tio n a n d c o n t in u it y
The equations of motion and continuity are 
where the suffix s is used to denote some standard condition of the gas, at some specified point of the boundary layer or main flow outside. The viscosity will also be defined in terms of the temperature Ts at this point by the relation
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Let us now change from independent variables to where andp, T denote the pressure and temperature a t any point inside the boundary layer. The pressure p being independent of y by virtue of equation (5) has been outside the integral sign. Furthermore let us modify xjr by writing
Then
Ps P = (jf)*x(*» 7 )* m = Ps(P\i ( M \ty)x p \p j ( 10) (ii) where subscripts x, y, Y are used to show which quantities remain constant in a partial differentiation. Hence p W arW assuming the gas to be perfect. Next 
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again making use of the perfect gas law. Now from equation (15) so th at
If now we use a suffix 1 on pa nd T to denote general values in t the edge of the boundary layer 1 dp px dx -U dU dx*
where U is the mainstream velocity. Hence 
The boundary conditions are
and these imply
Equation (21) (The condition di/r/dx = 0 a t y = 0 could be replaced by = 0 at loss.) This flow will be termed the associated incompressible flow.
The effects of compressibility may therefore be thought of as summarized in the term in square brackets
which multiplies the effective pressure gradient, and in the altered scale in the direction normal to the boundary. Except in the case where dU/dx = 0 about which some comments will be made later we cannot proceed further without a knowledge of the temperature distribution. This is provided by the energy equation of course.f
3.
T h e e n e r g y e q u a t io n 
is a particular integral of (26) (see Crocco 1946) and is such th a t a T -r-= 0 when = 0, dy i.e. it corresponds to a boundary which is thermally insulating. Hence we find
Jcp T + \u 2 = JcpT1 + \ U \ (28)

T . 1
Tx so th at
Hence the term G which multiplies U(dU/dx) in equation (21) takes the form
and th at the full equation of motion is d2x dx dxdYdY dY2dx
(y-i)
At the boundary G = 14-2 U2 whilst as 00, -> 1 as is obviou
The effect of compressibility is therefore to exaggerate the effect of the pressure gradient in the neighbourhood of the boundary as compared with the associated incompressible flow. In one or two examples which will be discussed later it appears th a t at least for small Mach numbers G becomes less than unity in the outer part of the boundary layer (i.e. G tends to 1 from below) so th at there is a corresponding reduction in effect in the outer parts of the layer.
I t also appears that, as Illingworth (unpublished) found, no 'similar' solutions of equation (31) other than the one corresponding to const, exist. A number of solutions in series will be considered below but since Pohlhausen's method will also be used we shall now consider the momentum integral equation corresponding to equation (31).
Concerning the effect of compressibility on laminar boundary layers 21 4. Mo m e n t u m in t e g r a l e q u a t io n Let us denote by d' the boundary layer thickness measured in terms of Y
Consider first of all the term obtained by integrating G
Hence then exactly as for incompressible flow
This equation may be compared with the associated incompressible form
| This equation may be obtained from first principles when due allowance is made for the altered scale in the y-direction, and being defined as 5. T h e K A r m a n -P o h l h a u s e n m eth o d
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The standard K&rm&n-Pohlhausen method for incompressible flow is then im mediately applicable to equation (36) . Let us for the moment write M1 = we notice th at if a0 is the velocity of sound corresponding to rest conditions in the main stream then --------£7' = a t (38) so th at and
where M0 = Ufa0. The theory will be developed with the standard quartic form of velocity dis-
where
Now 
when y -1*4. Equation (46) may also be put in a form analogous to the one found most useful in incompressible flow problems by writing The condition A = -12 is still, of course, the condition which governs separation. So far we have been concerned with developing the general theory. Its applications to particular examples will now be considered.
. F l a t p l a t e s o l u t i o n
The solution of the flat plate problem has been given by Crocco (1946) but it seems worthwhile to make a few comments for the sake of completeness.
If dUIdx = 0 then equations (21) and (31) 
01
The solution is known (since it is the same as the associated incompressible solution) to be
where ^ = Y and / " + / / ' = with the boundary conditions / = / ' = 0 at = 0, / ' = 2 at ?/ = oo.
The skin friction r at the plate is
We can take the standard conditions to refer to the uniform conditions in the main stream and so obtain, using suffix 1 for mainstream values,
where a -1*32824. The skin friction coefficient
is therefore independent of Mach number in this case. Although the velocity distribution in terms of Y is also independent of Mach number, this is obviously no lodger so in terms of the true scale y. Thus we have u as function of y only where
Now if we integrate the equation for /w e find Jo Y2*/=r-r<<>)+//'.
so th a t if we use yi to denote the ordinate of the incompressible flow with viscosity vlt
When y0 the expression in curly brackets tends to 1. W en y is large we find = 0-5962 * . To see the significance of this last result it is convenient to imagine a finite boundary layer thickness 8 defined by the condition ujU = 0-999, say. This corre a value of 3 for rj. Hence
when y = 1*4. Thus there is an 8 % increase in boundary layer thickness when = 1 and a doubling in thickness when Mx = 3*5. The relation defined by equation (60) The forms of the velocity distributions are much the same as those obtained by K&rm&n & Tsien (1938) who assumed /ioc jT 0-76. They found as did Brainerd & Emmons (1941 , 1942 with a variety of viscosity-temperature variations th at the skin friction decreased slowly as the Mach number increased. The constant value found in the present investigation is due, as suggested earlier, to our assumptions effectively overestimating the effects of viscosity.
F lo w in w a k e s a n d j e t s
Although the problem of viscous compressible flow in wakes and jets may not be very significant practically since the flow is probably turbulent it is nevertheless of some interest to see the effects of compressibility even in this case.
With the usual approximations equation (31) adapted to flow in a wake becomes
where vx is the kinematic viscosity corresponding to the undisturbed flow, the drag D being given by the integral
Putting w = 1 -u/U we then have f 00 wdY f -00 (66) approximately.
The solution in terms of Y is then given by the standard incompressible solution
The integral Jcp T 4-= const.
of the energy equation is applicable to this problem too since it makes vanish with du/dy. Hence as in the flat plate problem we have a velocity distribution deter mined by rj, the true scale y being given by Concerning the effect of compressibility on laminar boundary layers 27
Hence if Y is sufficiently large
As for the flow along a flat plate we can define a width of wake by w/w0 = 0-1 %, say, which gives a value of Y of approximately.
Of course D/p1 U2 is in general an unknown function of both Reynolds and Mach numbers for a given obstacle so th a t variation in wake size implied by (70) is also not known. One can, however, interpret (70) by saying th a t for a given value of Dlpx U2 the ordinary incompressible theory with kinematic viscosity would under- 
Defining the edge of the wake as in the general case above the implied total width of the wake is
The velocity distribution in the wake when x = 10 for Mach numbers of 0, 5 and 10 is shown graphically in figure 3.
Consider next a two-dimensional jet. The flux of momentum F across each section of the jet is
Jo where the suffix 0 refers ta conditions in the gas a t rest outside the jet.
The equation of motion derived from (31) is
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The standard incompressible solution can then be used to give
r l
The ordinate y is then given by
where a0 is the velocity of sound corresponding to rest conditions. For sufficiently (y-1)F large Y we see th at y -Y ---^ ■ -, so th at for a given value of F/p0 the jet width 4a0 p0 ( y -l ) F is less by an amount -than that obtained by incompressible theory with kinematic viscosity v0.
ap0
Of course the considerations set out in the section on wakes and jets do not hold in the neighbourhood of x = 0 where neither the assumptions of th nor the neglect of pressure gradient are valid.
F l o w w i t h l i n e a r l y i n c r e a s i n g v e l o c i t y i n t h e m a i n s t r e a m
One of the standard solutions of incompressible flow is given by considering the velocity distribution U -fix in the mainstream. I t corresponds to flow in the vicinity of a stagnation point. I t is obvious of course th a t even when the flow is compressible the velocity distribution in the boundary layer in the immediate vicinity of the stagnation point must be the same as the incompressible one. If, however, the linear velocity distribution U = fix may be supposed to hold for some appreciable distance downstream then compressibility will begin to play a part. To this extent the problem is more artificial than the corresponding incompressible problem but it is worthy of consideration since it may be typical of accelerated flow problems generally. W ith U -fix equation (31) takes the form
where we use the suffix zero to denote conditions a t the stagnation point and treat these as our standard.^ We see th at = < 
We can obtain a series solution in the form
The differential equations satisfied b y /1}/ 3 a n d /5 are The skin friction r a t the wall is given by
where the suffix w refers to conditions at the wall. Hence
T -* * K ) W * (0)+ ? * <0)+^* ( 0 ) + ■
The pressure ratio p/pQ which appears in equations (92) and (94) 
+ and j> h * 4
The integration of equation (89) for / 3 has been carried out and the results are shown in table 2; / 3 is shown graphically in figure 4 . This function is in fact quite small compared w ith /^/g (0) is positive and of the order of 5 % of/i(0). The velocity correction implied b y / 3 is positive in the inner quarter, say, of the boundary layer with a maximum of just less than 1 % of the maximum value, unity, of and is negative in the remainder with a maximum numerical value of just over 1 % of the maximum value oif'x. The integration of equation (90) has not been carried out but a crude examination indicates t h a t / 5 should have much the same form a s / 3 but considerably smaller in magnitude possibly of the order of 20 % o f/3.
It appears therefore that even when /3xJaQ has reached unity the difference in u at a given value of Y (or y)from its corresponding incompressible and of the order of 1 %. This does not of course imply th at the change in at a given value of the true ordinate y is small. In fact the change in scale is much the most important effect here. Bearing in mind the remarks on order of magnitude made above we can write equation (92) 
Velocity distributions corresponding to /?a;/a0 = 0, 0-5 and]l-0 (beyond which stage it seems inadvisable to proceed without calculating/5) are shown in figure 5.
Figure 5
The skin friction at the wall r given by equation (94) is shown graphically in figure 6 for values of fix/a0 between 0 and 1. Although v$fi-ix~1(du/dY)0 increases with Mach number from 1-23 a t /fa/a0 = 0 to 1*29 at fix/a0 1 the actual skin friction coefficient Tlp0v$fi*x falls from 1-23 to 0*87 as a consequence of the changing scale. As one would indeed expect in the light of the velocity distributions the factor (p/Po)* representing the effect of change of scale predominates and leads to this substantial decrease in skin friction coefficient with Mach number. A good approxi mation to the skin friction is, in fact, provided by reducing the incompressible value by the factor ( p i po )* in this range of variation of ftx/aQ . A problem rather similar to the one discussed here is provided by the boundary layer along the wall of a converging channel. Here the effects of compressibility on the main flow are known and to this extent the problem is less artificial than th at of the present paragraph.
S e r ie s e x p a n s io n s fo r t h e g e n e r a l m a in st r e a m v e l o c it y d is t r ib u t io n
The considerations of the previous section make it evident th at if the velocity distribution in the main stream is given as a series of ascending powers of x U = {t1x + fi2x2 + fi3x? + (103) is identical with (87) of which the solution is given in table 2 (where it is called/3) when y = 1*4. The functions / 1}/ 2, g3, h3 and k4 are tabulated by Howarth (1934) . In view of the generally slow convergence of the series involved and the con sequently limited applicability of the results it has not been considered worthwhile to calculate the compressibility effects beyond the function k3 already calculated.
The skin friction at the wall is 
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The stream function x is given by a series of the form with the boundary conditions g% ~ g% = ^5 = ^5 = = 9b = 0 at Equation (110) is identical with (103) and (87) the solution being given in table 2 (where it is called/3). Equation (112) is identical with (88).
Beyond this stage the number of new functions introduced by compressibility effects begins to increase rapidly and the value of the method except at small Mach numbers is doubtful. For this reason the integration has not been carried beyond g3.
T h e fl a t pl a t e w it h a r e t a r d in g l in e a r v e l o c it y g r a d ie n t
A problem which has been thoroughly investigated in incompressible flow is th at which occurs when
This velocity distribution has been shown to lead to separation of the layer when
Uxx U0
0120.
We can apply series methods similar to the ones developed above to determine the effects of compressibility. We take conditions at the leading edge as our standard and denote them by a suffix 0. Then we can find a solution of equation (31) in the form Concerning the effect of compressibility on laminar boundary layers 35
" 2 4x* ~ U0
If we put F0 = f Q , F = + -^2 = "t" -^0^2 "l" -^0^2> (116) where ilf0 is the Mach number a t the leading edge we find t h a t / 0, f 2, are the functions occurring in the incompressible solution and given by Howarth (1938) (123) The new functions introduced by compressibility effects again multiply rapidly. I t is to be noted th at each of the functions F after F0 contains a term in M% so th at the compressibility correction at small Mach numbers is correspondingly more difficult to assess than in the accelerated flow problem discussed above. The function gl has been calculated and is tabulated in table 3; g'x is shown graphically in figure 7 together with f[ (on a different scale) for comparison; <7i(0) is equal to 0*0878. I t will b$ seen th at when = 1 the effect of compressibility is to increase numerically the coefficient of 8x* in the velocity series in, say, the inner third of the boundary layer and to decrease it in the remainder. The maximum percentage increase is 6 at rj = 0*5 and the maximum percentage d 7j = 1*8. This then corresponds to a ^ crease of total velocity in the inner third and an increase in the remainder. Furthermore when = 1, we have from equation (123) i [1*3284 -(&£*)(1*1083)+ 0(&r*)a],
so th a t when 8x* = 0*1 which is as far as we can safely proceed without further termŝ j = 1'2 2 8 -,1 2 5 )
This value is substantially the same as th a t (1*226) obtained a t the same point in the incompressible solution. The decrease in skin friction associated with the velocity corrections in the x, Y plane is in fact in this case just offset by the scale correction factor {p/Po)* in passing from the (x, Y) to the ( , y) plane. The main interest of this problem presumably lies in obtaining the point of separation and this is of course determined completely by conditions in the x, Y plane since du/dY and du/dy vanish together. Separation is therefore given by
The structure of the equations (118) and (119) introduced by compressibility considerations suggests th a t g'(0) and h l (0 ) will be apprec than (?i(0) and of the same sign as ^(0). Thus the effect of compressibility in the coefficient of 8#* tends to move separation forward whilst the corresponding effect in the coefficient of (8a;*)2 is to move it backwards. To see the order of the effects involved let us assume th at all the compressibility terms save (^(O) may be neglected when M0 -1 . We then find, following out the same procedure as the incompressible work (Howarth 1938), th at for separation x* lies between 0*115 and 0*123 as com pared with the interval 0*119 to 0*129 found for incompressible flow. I t would appear then th at when M0 = 1 the separation point should not move forward by more than 4 % of the distance from the leading edge to the point of separation in incompressible flow.
I t appears, in fact, to be impracticable to use this series method to determine the influence of compressibility on separation in view of the number of functions it would be necessary to calculate. I t is, however, open to us to make use of the Karman-Pohlhausen method which though not very accurate should be adequate to give results a t least qualitatively correct.
W ith U = U0-Uxx equation (46) becomeŝ
where, changing the notation slightly from that in § 5, is the local Mach number corresponding to the velocity U0 -Uxx. M is therefore a equation (127) requires a numerical or graphical integration. However, as a first approximation since the velocity change from leading edge to separation in incom pressible flow is known to be relatively small (the series approach gives 12 % and Pohlhausen's method itself gives 15| %) it appears plausible to replace in (127) by a mean value M 2. If we adopt this approximation then The results do not differ as much as might be expected a t first sight from the approximate ones obtained above if M , is interpre number. This is due to the fact th at g (A ) is least and edge so th at the value of M 2 plays its most important part there.
The percentage movement of separation between M0 = 0 and 1 is 5 and may be compared with the outside figure of 4 % obtained from the series solution.
fThe changes in the position of separation as M0 increases beyond 1 are quite large and indicate that, for the same mainstream velocity distribution, as the Mach number increases the point of separation moveo ^Oxward quite rapidly in the supersonic region. A somewhat similar problem has been discussed by Illingworth (unpublished) who, assuming viscosity and conductivity constant, has considered the effect of Mach number on separation for a given linearly increasing pressure along a flat plate. Although not strictly comparable we can consider the relation between the two sets of results by imagining the incident pressure kept constant and effecting the changes in Mach number by incident density variations. Thus in the problem of the present paper we have, if the suffix zero refers to the leading edge 1 02?
where a = UJUq. The considerations of the present paper can thus be app crudely to Illingworth's problem if we make cc vary with M0 so th at remains constant. Illingworth's results are calculated at 0*1, 1-0 and ^10 so th at if we take a = 1 when M0 = 0T we must have a = 0*01 when M0 = 1 and a = 0-001 when M0 = <J\0. The results tabulated above then show th at separati (since a = UJU0) a t x = 0-156 when M0 = 0-1, at = 14-8 when M0 x = 107 when M0 -(assuming as is reasonable th at when = 0-1 separation occurs at the incompressible value 0-156 for Thus the distances from leading edge to separation at these three Mach numbers are in the ratios 1:95:686 whereas Illingworth's values are in the ratio 1:118:4216. The basis of this crude comparison becomes increasingly invalid as M0 increases but it serves to substantiate qualita tively the large backward movements of separation found by Illingworth when the Mach number is increased and the pressure gradient remains constant. On the basis of this comparison it appears to be more convenient to consider compressibility effects on separation by fixing attention on a given mainstream velocity distribution rather than on a given pressure distribution since the magnitude of such effects is thereby much reduced.
Concerning the effect of compressibility on laminar boundary layers 39 of the co-ordinate y normal to the boundary. In the (x, Y) plane the equation of motion can be transformed into
which is identical with the standard incompressible form apart from the term
in square brackets which is simply unity in that case. The boundary conditions are X = 0, 0y/0 Y = 0 when Y = 0, 0^/0 Y-> U when the corresponding incompressible conditions. The relation between velocity and temperature is, since<r = 1, j CpT + htt* _ const.
The solution of a problem of compressible flow then falls into two parts. First of all we have to solve the flow equation (131) in the x, Y planef and then we have to transform the results into the actual x, y plane by me tion,
and the energy integral (133). In problems in which dU\dx vanishes such as flow along a flat plate and flow in wakes and jets equation (131) is identical with the incompressible equation and the co-ordinate Y can be interpreted as the distance yt normal to the layer in the incompressible flow. The effects of compressibility are then determined entirely by the change of scale given by equation (134). The skin friction along the flat plate is found to be indepen-, dent of Mach number but the boundary layer thickness increases considerably being double the incompressible thickness at a Mach number of 3-5.
In all other problems the alterations produced by the factor and the change of scale have both to be obtained. Two examples have been considered in detail. First, for a flow in which the velocity in the mainstream increases linearly with distance from a stagnation point a solution of (131) in series has been obtained. Up to main stream Mach numbers of unity the solution of (131) differs but slightly from the corresponding incompressible solution. Here again then the most important changes which occur arise from the change of scale which again leads to a thickening of the boundary layer and in this problem to a reduction by a factor *n the skin friction p being the mainstream pressure and p0 the stagnation pressure.
Secondly, the problem of flow along a flat plate with a linearly retarding pressure gradient has been considered both by the series method and Pohlhausen's. Separa tion which is one of the features of such a flow is determined entirely by equation (131) since du/dy and du/dY vanish together. The change of scale is important in determining the boundary layer thickness and the variation of skin friction along the surface up to the point of separation. I t is fairly evident on general grounds th at for a given retarding mainstream velocity distribution (131) will lead to a forward movement of separation with increasing Mach number. For, the effect of the (y-i) pressure gradient term U(dUjdx) is enhanced by a factor G0 -1 + 2a?
U2 at the boundary so that even though the term G may fall below unity in the outer part of the layer one would expect earlier separation. This prediction is certainly fulfilled in the particular problem solved. Pohlhausen's method gives a forward movement of separation of 5 % a t = 1, 33 % at M = 10 and 66 % at M -10 these percentages being percentages of the distance from leading edge to separation in incompressible flow.
We can consider qualitatively the general effects of compressibility in the following way. Let us fix attention on a certain mainstream velocity distribution say one which rises from zero at a stagnation point to a maximum and then falls off again. Let us imagine that this distribution is maintained unaltered and take as our standard conditions those in the mainstream at the stagnation point and denote them by a suffix zero. Then we can examine compressibility effects by considering a sequence of values of a0; increasing compressibility will of course correspond to decreasing a0. If we start by considering a0 very large we have the ordinary incompressible solution (with kinematic viscosity v0 = PolP which incompressible ordinate) and a distribution of skin friction which increases from zero to a maximum and then falls off to zero again if the retarding pressure gradient is sufficiently maintained. Now consider a finite value of a0. The velocity u in the Y plane will differ from the incompressible velocity % at the same point of yt plane by an amount depending on the factor G. In the accelerated region one would expect u to increase more rapidly than wi near the boundary since 1 and then to increase more slowly than ut in the outer part of the layer. In the retarded layer on the other hand one would expect u to increase less rapidly than ui near the boundary and more rapidly in the outer part of the layer. Thus we should expect ( to be greater than (duildy)0 in the accelerated region and less in the retarded region. The factor ( )* will be less than or equal to unity everywhere and hence we should expect a decreased skin friction coefficient in the retarded region on both counts.f As remarked above separation is determined entirely by ( du/dY)0 and w to occur earlier than in the incompressible flow. For although there is some increase in ( du/dY)0 in the accelerated region, if the two examples discussed are typical, this increase will be more than offset by the decrease in the retarded region.
In the accelerated region the two factors affecting the skin friction produce opposite effects and it is not possible to draw any general conclusions. If the acceler ated flow solution in § 8 can be taken as a guide the factor ( )* predominates and leads here too to a reduction in skin friction coefficient.
The actual boundary layer ordinate is given by Thus the boundary layer ordinate y is always greater than the corresponding ordinate yi of the incompressible flow and one would therefore expect increased boundary layer thickness throughout the whole layer.
To sum up then, the effects of compressibility on such a boundary layer would appear to be (i) a reduced skin friction coefficient everywhere, (ii) an increased boundary layer thickness, (iii) an earlier separation, as compared with the corresponding problem in incompressible flow with kinematic viscosity v0 = /i0/p0.
